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Abstract 

Erdős and Szekeres [5] made the conjecture that, for ,3≥n  any set of 12 2 +−n  
points in the plane, in general position, contains n points in convex position. A 
computer-based proof of this conjecture for 6=n  appeared in [9] of Peters and 
Szekeres. The aim of this paper is to give a partial proof of the conjecture for 

,6=n  without the use of computers, for the special case when the convex hull of 
the point set is a pentagon. 
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1. Introduction 

In the early 1930s, Esther Klein asked whether there is an integer N, 
for every ,3≥n  such that any planar set of N points in general position 
contains n points in convex position. Erdős and Szekeres [5] showed the 
existence of such an integer, and also that there is a solution satisfying 

( ) .142
2 +≤ −

−
n
nN  This problem is well-known as the “happy ending 

problem”. 

The task that arose naturally was to find the smallest value ( )ng  of 
card S with the mentioned property for each S. In [5], the authors made 
the following conjecture. 

Conjecture 1 (Erdős-Szekeres Conjecture). Let .3≥n  Then the 
smallest number ( )ng  such that every planar set of ( )ng  points in 

general position contains n points in convex position, is .12 2 +−n  

In [6], Erdős and Szekeres constructed a planar set of 22 −n  points in 
general position that does not contain n points in convex position. 
Presently, the best known bounds are 

( ) .1
2
52

12 2 +







−
−

≤≤+−

n
n

ngn  

The upper bound is due to Tóth and Valtr [10]. 

Another attempt is to verify the conjecture for small values of n. Note 
that three points in general position are in convex position. Thus, clearly 
( ) .33 =g  The value of ( )4g  was determined by Esther Klein in the early 

1930s. 

According to [9], Makai was the first to prove the equality ( ) 95 =g , 
but he has never published his result. The first published proof appeared 
in 1970 in [7]. In 1974, Bonnice [2] gave a simple and elegant proof of the 
same result. In [1], Bisztriczky and Tóth also mention an unpublished 
proof by Böröczky and Stahl. 

The case 6=n  seems considerably more complicated. Bonnice [2] 

makes the following comparison. In a set of nine points, we have =






5
9  
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126  possibilities for five points to be in convex position, whereas in a set 

of seventeen points, we have 12376
6

17
=






  possibilities for six points to 

be in convex position. 

For this case, a computer-based proof has been given recently by 
Peters and Szekeres [9]. In their paper, they used a computer to re-prove 
the case .5=n  They remark that to prove the 5=n  case required less 
than one second “using a 1.5 GHz workstation”, whereas, for the case of 
convex hexagons, “the total computing time . . . was approximately 3,000 
GHz hours”. For other results related to the Erdős-Szekeres conjecture, 
the reader is referred to [3] or [8]. 

In this paper, we examine the 6=n  case of the Erdős-Szekeres 
conjecture without the use of computers. If { }kiaS i ,,2,1: K==  is a 

finite point set in ,2E  we denote the convex hull of S by [S] or by [ ,, 21 aa  

]., kaK  For ,,,, 2
21 E⊂kSSS K  we set [ ] [ UUK 2121 ,,, SSSSS k =  

].kSUK  By ( ),PV  we denote the vertex set of the convex polygon P. Our 
main result is the following theorem. 

Theorem 1. Let 2E⊂S  be a set of seventeen points in general 
position and [ ]SP =  be a pentagon. Then S contains six points in convex 
position. 

We note that a different proof of the same statement appeared in the 
diploma thesis [4] of one of the authors, Dehnhardt, in 1981. 

 

Figure 1. A point b beyond exactly three edges of P. 
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There are two known sets of sixteen points in general position that do 
not contain the vertices of a convex hexagon: cf. [6] and pp. 331-332 of [3]. 
We note that in both examples, the convex hulls of the points are 
pentagons. We present the proof of Theorem 1 in the next section. We 
note that, using the same tools, it may be shown that every planar set of 
twenty five points in general position contains six points in convex 
position. We also observe that, by Lemma 4, our proof yields that if 

2E⊂S  is a set of seventeen points in general position, [ ]SP =  is a 
triangle or a quadrangle, ( )[ ]PVSQ \=  is a pentagon, and 

[ ( ( ) ( ))]QVPVSR U\=  is a triangle, then S contains six points in 
convex position. Thus, according to the classification of planar point sets 
introduced by Bonnice in [2], our proof yields the Erdős-Szekeres hexagon 
conjecture for twenty four classes of point sets out of seventy two. We 
remark that in [2], it is stated incorrectly that the number of classes is 
seventy. The correct number (and the list of the classes) can be found, for 
example, in [4]. 

In the proof, for two distinct points [ ] ( ) +⊂ LbaLbaba ,,,,,, 2E  

( ),, ba  and ( )baL ,−  denote, respectively, the closed segment with 
endpoints a and b, the line containing a and b, the closed ray emanating 
from a and containing b, and the closed ray emanating from a in ( )baL ,  
that does not contain b. Furthermore, if Ps ,3≥  is a convex s-gon, and a 

point 2E∈b  does not lie on any sideline of P and is strictly separated 
from P by exactly m sidelines of P, we say that b is beyond exactly m edges 
of P (cf. Figure 1). If these sidelines are the lines passing through the 
edges mEEE ,,, 21 K  of P, we may say that b is beyond exactly the edges 

mEEE ,,, 21 K  of P. For simplicity, a k-gon means a convex k-gon for 
every ,3≥k and if a set contains six points in convex position, we say 
that it contains a hexagon. 

2. Proof of Theorem 1 

We begin the proof with a series of lemmas. 

Lemma 1. Let P and Q be polygons with ⊂Q  int .2E⊂P  Let 
( )PVX ⊂  be a set of points beyond exactly the same edge of Q. Then 

( ) XQV U  is a set of points in convex position (cf. Figure 2). 
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Lemma 2. Let { }miPi ,,2,1: K=  be a family of t triangles, q 

quadrangles, and p pentagons such that mtqp =++  and [ ,, 21 PPM =  
]mPP ,,3 K  be an m-gon [ ].,,,, 321 mxxxx K  Suppose that [ ]1, +ii xx  is 

an edge of ,iP  and iP  and 1+iP  have disjoint interiors for 

.,,3,2,1 mi K=  Let 0P  be a k-gon that contains M in its interior and 

assume that the points of ( )i
m
i PVW U 0==  are in general position. If 

,2 ktq <+  then W contains a hexagon. 

 

Figure 2 Figure 3 

Proof. Let us denote by iX  the set of points that are beyond exactly 

the edge [ ]1, +ii xx  of ,iP  and observe that every vertex of 0P  is 

contained in iX  for some value of i. If ( ( )) ( ( )) ≥+ ii PVPVX cardcard 0I  

6  for some iP , then the assertion follows from Lemma 1 (cf. Figure 3). 

Thus, we may assume that ( ( ))0card PVXi I  is at most two, if iP  is a 

triangle, at most one if iP  is a quadrangle, and zero if iP  is a pentagon, 

which yields that ( ( )) ,210card 0 tqpPVk ⋅+⋅+⋅≤=  a contradiction.  

We use Lemma 2 often during the proof with .5=k  For simplicity, in 
such cases we use the notation .21 mPPP ∗∗∗ K  

Lemma 3. Let 2E⊂S  be a set of eleven points in general position 
such that [ ]SP =  is a pentagon, ( )[ ]PVSQ \=  is a triangle, and  
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[ ( ( ) { })]qPVS U\  is a quadrilateral for every ( ).QVq ∈  Then S contains 

a hexagon. 

Proof. Note that as card PS ,11=  is a pentagon, and Q is a 

triangle, [ ( ( ) ( ))]QVPVSR U\=  is a triangle. Let [ ]321 ,, qqqQ =  and 

[ ].,, 321 rrrR =  Observe that for any ,ji ≠  the straight line ( )ji rrL ,  

strictly separates the third vertex of R from a unique vertex of Q. We may 
label our points in a way that ,, 21 qq  and 3q  are in counterclockwise 

cyclic order, and ( )ji rrL ,  separates kr  and kq  for any .ikji ≠≠≠  Let 

us denote by kQ  the open convex domain bounded by ( )ik rqL ,−  and 

( )jk rqL ,−  for every .ikji ≠≠≠  For every ,ji ≠  let ijQ  denote the 

open convex domain that is bounded by the rays ( ) ( ),,,, ijji rqLrqL −−  

and the segment [ ]ji qq ,  (cf. Figure 4). 

 

Figure 4 

Observe that if 12Q  contains at least two vertices of P, then these 
vertices together with ,,, 121 rqq  and 2r  are vertices of a hexagon. 
Similarly, if 3131 QQQ UU  contains at least three vertices of P, or U2Q  

323 QQ U  contains at least three vertices of P, then S contains a hexagon. 
Since P is a pentagon, we may assume that 12Q  contains one, 131 QQ U  
and 232 QQ U  both contain two, and 3Q  contains no vertex of P. By 
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symmetry, we obtain that S contains a hexagon unless ( ( ))PVQi Icard  
,0=  and ( ( )) 1card =PVQij I  for every .ji ≠  Since the latter case 

contradicts the condition that P is a pentagon, S contains a hexagon.   

Lemma 4. Let 2E⊂S  be a set of thirteen points in general position 
such that [ ]SP =  is a pentagon and ( )[ ]PVSQ \=  is a triangle. Then S 
contains a hexagon. 

Proof. Let ,, 21 qq  and 3q  be the vertices of Q in counterclockwise 
cyclic order and let ( ( ) ( )).\ QVPVSR U=  Observe that card .5=R  
Using an idea of Klein and Szekeres, we obtain that R contains an empty 
quadrilateral. In other words, there is a quadrilateral U that satisfies 
( ) RUV ⊂  and ( ).UVRU =I  Let ,,, 321 rrr  and 4r  be the vertices of U 

in counterclockwise cyclic order, and let r be the remaining point of R. 

 
Figure 5 

We show that if U has no sideline that separates U from an edge of Q, 
then S contains a hexagon. Indeed, if every sideline of U separates U 
from exactly one vertex of Q, then, by the pigeon-hole principle, Q has a 
vertex, say ,3q  such that at least two sidelines of U separate U from it. 
This yields that there are two sidelines passing through consecutive 
edges of U that separate U from only .3q  Let these edges be [ ]ii rr ,1−  and 
[ ]., 1+ii rr  Then we have [ ] [ ] [ ].,,,,,,,, 1133122111 qrqqrqqrrrq iiiii +−−+ ∗∗  
Hence, we may assume that U has a sideline that separates U from an 
edge of Q. Without loss of generality, let this sideline pass through the 
edge [ ]21, rr  and let it separate U from [ ]., 21 qq  
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For every ,33 ≠≠≠ ji  let ,, ii yx  and iz  denote the intersection 
point of the segment [ ]3, qqi  with the line ( ) ( ),,,, ijjj rqLrqL  and 

( ),, 21 rrL  respectively, and let iw  denote the intersection point of [ ]3, qri  
and ( )jj rqL ,  (cf. Figure 5). If some point Ru ∈  is beyond exactly the 

edge [ ]21, rr  of [ ],,,, 1221 rrqq  then we have [ ] [ ]3222211 ,,,,,, qrqqrurq ∗  
[ ].,, 113 qrq∗  If Ru ∈  is beyond exactly the edge [ ]31, qr  of [ ],,, 311 qrq  

then [ ] [ ] [ ]112223311 ,,,,,,,, qrrqqsqqurq ∗∗  for us =  or .2rs =  
Hence, by symmetry, we may assume that ,, 43 rr  and r are in one of the 

quadrangles [ ]iiii zxwr ,,,  for 1=i  or 2, or in [ ].,,, 1221 zzqq  

Assume that [ ].,,, 11113 zxwrr ∈  If ( ) [ ] ,0,, 3134 /≠+ qqrrL I  then 

[ ] [ ] [ ].,,,,,,,, 33111221433 qrqqrrrrrrq ∗∗  If ( ) [ ] ,0,, 3134 /≠− qqrrL I  
then [ ] [ ] [ ].,,,,,,,, 14332222341 qrqqrqqrrrq ∗∗  If ( ) [ ] ,0,, 3134 /=qqrrL I  
then [ ] [ ] [ ].,,,,,,,, 14333222211 qrrqqrqqrrq ∗∗  Thus, we may assume 
that [ ].,,, 22223 wxzrr ∈  Since [ ]2223 ,, zyrr ∈  yields [ ,, 43 rq  

] [ ] [ ],,,,,,, 341123321 qrqqrrrrr ∗∗  we may assume that [ ,, 223 wrr ∈  
],, 22 yx  and (by symmetry) that [ ].,,, 11114 yxwrr ∈  

Assume that [ ].,,, 1111 yxwrr ∈  If [ ]rrrr ,,, 421  is a quadrilateral, 
then we may apply an argument similar to that in the previous 
paragraph. Thus, we may assume that [ ].,, 214 rrrr ∈  This yields [ ,, 4rr  

] [ ] [ ] [ ].,,,,,,,,,, 4233332221111 rrrrqqrqqrrqqr ∗∗∗  Hence, [ ,1qr ∈  
].,, 122 zzq  

If [ ],,, 111 zrqr ∈  then [ ] [ ] [ ].,,,,,,,, 133222211 qrqqrqqrrrq ∗∗  Let 
[ ].,,, 1221 rrqqr ∈  If ( )43, rqL  does not separate 1q  and r, then [ ,,1 rq  

] [ ] [ ].,,,,,, 14334122 qrrqqrrqq ∗∗  Otherwise, we may suppose that 

( ) [ ] .0,, 314 /≠+ qqrrL I  By symmetry, we also obtain that ( ) I3, rrL+  
[ ] .0, 32 /≠qq  

Assume that [ ].,, 211 rrqr ∈  Then, we observe that [ ]132 ,,, rrrrU =′  
is an empty quadrilateral, and ( )2, rrL  separates U ′  from [ ]., 21 qq  Since 
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[ ] ,0,,, 221 /=qrrqR I  an argument applied for ,U ′  similar to that 
applied for U, yields a hexagon. Hence, [ ] [ ].,,,, 221211 qrqqrqr I∈  

Then ( ) [ ] ( ) [ ].,,0,, 214213 qqrrLqqrrL II ++ ≠/≠  Now, we apply 
Lemma 3 with ( ) ( ) { }rrrQVPV ,, 43UU  as S.   

Definition 1. Let 2, E⊂BA  be sets of points in general position. 
Suppose that there is a bijective function BAf →:  such that, for any 

,,, 321 Aaaa ∈  the ordered triples ( )321 ,, aaa  and ( ( ) ( ),, 21 afaf  
( ))3af  have the same or the opposite orientation, independently of the 

choice of ,, 21 aa  and .3a  Then we say that A and B are identical. 

We note that if A and B are identical, then AA ⊂′  is a k-gon, if and 
only if, ( )Af ′  is a k-gon. 

Let S~  be a set of less than thirteen points such that [ ]S~  is a 

pentagon, [ ( )]SVS ~\~  is a triangle, and S~  does not contain a hexagon. 

Using Lemma 4, we may characterize the possible configurations for 

( ).~\~ SVS  Lemma 5 summarizes our work. We sketch its proof. 

Lemma 5. Let 2~ E⊂S  be a set of fewer than thirteen points in 

general position such that [ ]S~  is a pentagon, [ ( )]SVSQ ~\~
=  is a 

triangle, and S~  does not contain a hexagon. Then Q is identical to one of 
the sets in Figure 6. 

Proof. Let the vertices of Q be ,, 21 qq  and 3q  in counterclockwise 

cyclic order, and let ISR =  int Q. If ,2card ≤R  the assertion readily 

follows. Let us assume that card 3=R  and that the vertices of [R] are 
,, 21 rr  and 3r  in counterclockwise cyclic order. By Lemma 3, we may 

assume that there is a sideline of R, that separates exactly two vertices of 
Q from R. Let this line be ( ),, 21 rrL  and let it separate 1q  and 2q  from 

R. Note that if [ ],,, 3213 qrrr ∈  the assertion follows by an argument 

similar to that in the third paragraph of the proof of Lemma 4. Without 
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loss of generality, we may assume that ( )13, rqL  separates 3r  from .2q  If 

( )12, rqL  separates 3r  from ,3q  then Q is a type 3b configuration. 

Otherwise, Q is a type 3a configuration. 

The proof for the case card 4=R  is similar to the proof in the 
previous case, and hence we omit it.   

This list helps us to exclude some other cases from our investigation. 
If a set is identical to one of the sets in Figure 6, we say that its type is 
the type of the corresponding set in the figure. 

 

Figure 6 

Lemma 6. Let 2E⊂S  be a set of seventeen points in general position 
such that [ ]SP =  is a pentagon and [ ( )]PVSQ \=  is a quadrilateral. 
Then S contains a hexagon. 
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Proof. Consider a diagonal D of Q. By Lemma 4, we may assume 
that D divides Q into two triangles that contain exactly four points of S in 
their interiors, and both these triangles have to be either type 4a, 4b, or 
4c. Let us observe that if both triangles contain a pair of points such that 
the line passing through them does not intersect D, then these two pairs 
of points and the two endpoints of D are in convex position. Hence, we 
may assume that, in at least one of the triangles, each line passing 
through two points intersects D. 

Since there is, in a type 4c set, no edge of the convex hull that meets 
all the lines that pass through two of its points, we may assume that the 
set of the points in one of the triangles is type 4a or 4b, and that D is the 
left edge of one of the triangles in Figure 6. We also observe that 
configurations of type 4a or 4b are almost identical, the only difference is 
that the line passing through the two points closest to the left edge of the 
triangle intersects the bottom or the right edge of the triangle. Thus, we 
may handle these two cases together, if we leave it open which edge this 
line intersects. 

 

Figure 7 

We denote our points as in Figure 7 with [ ],, 21 qqD =  and let =L  

( )., 21 rrL  Observe that L divides the set of points, beyond exactly the 

edge [ ]21, qq  of [ ],,, 321 qqq  into two connected components. If a point p 

is in the component that contains ,1q  respectively ,2q  in its boundary, 

then we say that p is on the left-hand side, respectively right-hand side, 
of L. Let ( ) [ ].,,\ 321 qqqSQB I=  Observe that, as ( ) 12card =SQ I  
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and ( [ ]) ,7,,card 321 =qqqS I  we have that card 5=B  and every point 

of B is either on the left-hand side or on the right-hand side of L. By the 
pigeon-hole principle, there are three points of B that are on the same 
side of L. Let us denote these points by ,, 21 ss  and .3s  

Assume that ,, 21 ss  and 3s  are on the left-hand side of L. Observe 

that if ( )ji ssL ,  and [ ]11, rq  are disjoint for some ,ji ≠  then [ ,,,1 ji ssq  

]321 ,, rrr  is a hexagon. Thus, we may relabel ,, 21 ss  and 3s  such that 

[ ] [ ].,,,, 1112113 srqsrqs ⊂∈  This yields that either [ ]1321 ,,, qsss  or 

[ ]1321 ,,, rsss  is a quadrilateral. If [ ]1321 ,,, qsss  is a quadrilateral, then 

[ ] [ ] [ ] [ ].,,,,,,,,,,,, 1212243321311321 ssrqqrrrrrsqqsss ∗∗∗  If [ ,, 21 ss  

]13, rs  is a quadrilateral, then [ ] [ ] [ ,,,,,,,,, 12334221321 rrrrrqqrsss ∗∗  

] [ ].,,, 12113 ssqqs ∗  

Let ,, 21 ss  and 3s  be on the right-hand side of L. Observe that if 

( )ji ssL ,  and [ ]12, rq  are disjoint for some ,ji ≠  then [ ,,,,, 212 rrssq ji  

]4r  is a hexagon. Hence, we may assume that [ ] [ ,,,, 122123 rqsrqs ⊂∈  

].1s  Then [ ]2321 ,,, qsss  or [ ]1321 ,,, rsss  is a quadrangle. If [ ,,, 321 sss  

]2q  is a quadrilateral, then [ ] [ ] [ ,,,,,,,,, 24421322321 rrrrrsqqsss ∗∗  

] [ ].,,, 12111 ssrqq ∗  If [ ]1321 ,,, rsss  is a quadrilateral, then [ ,,, 321 sss  

] [ ] [ ] [ ].,,,,,,,,, 1222312442111 ssqqsrrrrrqqr ∗∗∗   

Lemma 7. Let 2E⊂S  be a set of points in general position such that 
[ ]SP =  and [ ( )]PVSQ \=  are pentagons, and ( ) ( )( )QVPVS U\  has 

a subset of type 3a, or a subset identical to the point set in Figures 9, 10, or 
11. Then S contains a hexagon. 

Proof. Let R denote the subset of ( ) ( )( )QVPVS U\  that is either of 

type 3a, or is identical to the point set in Figures 9, 10 or 11. Let ,, 21 qq  

,, 43 qq  and 5q  denote the vertices of Q in counterclockwise cyclic order.  
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Figure 8. A type 3a set with the 
notation of Lemma 7. 

Figure 9 

Assume that R is of type 3a. Let us denote the points of R as in 
Figure 8. Let ,, 2312 RR  and 13R  denote, respectively, the set of points 
that are beyond exactly the edge [ ]21, rr  of [ ],,,, 1322 rttr  the edge 
[ ]32, rr  of  [ ],,,, 3312 rttr  and the edge [ ]31, rr  of [ ].,, 331 rtr  If 

( ( )) ,2card 12 ≥QVR I  ( ( )) ,2card 23 ≥QVR I  or ( ( )) ,3card 13 ≥QVR I  
then S contains a convex hexagon. Otherwise, there is a vertex iq  of Q in 

the convex domain bounded by the half-lines ( )12, trL−  and ( ),, 22 trL−  
from which we obtain [ ] [ ] [ ].,,,,,,,, 133322211 rtrrtrqqrtr ii ∗∗  

Let us assume that R is the set in Figure 9 and denote the points of R 
as indicated. Let ,, 2312 RR  and 13R  denote, respectively, the set of points 
that are beyond exactly the edge [ ]21, rr  of [ ],,,, 2211 rttr  the edge [ ]32, rr  
of [ ],,, 322 rtr  and the edge [ ]31, rr  of [ ].,, 311 rtr  If ( ( ))QVR I12card  

,2≥  ( ( )) ,3card 23 ≥QVR I  or ( ( )) ,3card 13 ≥QVR I  then S contains a 
hexagon. Hence, we may assume that { } { }542332121 ,,,, qqRqqRq ⊂∈  

,13R⊂  and there is no vertex of Q in .1323 RR I  If ( )41, rqL  does not 
intersect the interior of [R], then the convex hull of [ ]1221 ,,, rrtt  and [ ,4r  

]1q  is a hexagon. 

Let [ ].,, 2114 rrqr ∈  If ( )14 , rrL  does not separate 5q  and ,1q  and 
( )24 , rrL  does not separate 2q  and ,1q  then [ ] [ ]32222241 ,,,,,, rtrqqrrq ∗  
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[ ] [ ].,,,,,, 14155113 qrrqqrtr ∗∗  Thus, we may assume that, say, ( )14 , rrL  
separates 5q  and .1q  If ( )32, rrL  separates 4q  and R, then 
[ ] [ ] [ ].,,,,,,,, 43111122234 qrtrrttrrrq ∗∗  If ( )32, rrL  does not separate 

4q  and R, then [ ]154324 ,,,,, rqqrrr  is a hexagon. 

 

Figure 10 Figure 11 

Assume that R is the set in Figure 10 and denote the points of R as 
indicated. We may clearly assume that there is no vertex of Q beyond 
exactly the edge [ ]21, rr  of [ ].,,,, 13221 tttrr  Hence, there is an edge, say 

[ ],, 21 qq  that intersects both rays ( )11, trL−  and ( )., 22 trL−  If ( )21, rrL  
separates R from both 1q  and ,2q  then [ ] [ ] ∗∗ 32222211 ,,,,,, rtrqqrrq  
[ ] [ ].,,,,,, 11144123 qrtrrttr ∗  Hence, we may assume that ( )21, rrL  does 
not separate R, say, from 2q . If ( )32, ttL  does not separate 2r  and ,2q  

then [ ]132221 ,,,,, tttqrr  is a hexagon. If ( )32, ttL  separates 2r  and ,2q  
then [ ] [ ] [ ].,,,,,,,, 11144322221 qrtrrttqqrq ∗∗  

We are left with the case when R is the set in Figure 11 with points as 
indicated. Let ,,, 342312 RRR  and 14R  denote, respectively, the set of 
points that are beyond exactly the edge [ ]21, rr  of [ ],,,, 1221 ttrr  the edge 
[ ]32, rr  of [ ],,,, 3322 rttr  the edge [ ]43, rr  of [ ],,,, 4133 rttr  and the edge 
[ ]41, rr  of [ ].,, 114 rtr  If ( ( ) ( )) 2card 1 ≥+ QVR ii I  for some { },3,2,1∈i  

then S contains a hexagon. Otherwise, 14R  contains at least two vertices 
of Q, which we denote by 1q  and .2q  If both 1q  and 2q  are beyond 
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exactly the edge [ ]41, rr  of [ ],,,, 4321 rttr  then [ ]121432 ,,,,, rqqrtt  is a 
hexagon. Thus, we may assume that, say, 1q  is beyond exactly the edge 
[ ]43, rr  of [ ].,, 433 rtr  From this, it follows that [ ] [ ,,,,,, 1411433 trqqrtr ∗  
] [ ] [ ].,,,,,, 332222111 rttrrttrr ∗∗   

Proof of Theorem 1. Let [ ( )] [ ( ) ( )( )],\,\ QVPVSRPVSQ U==  
and ( ( ) ( ) ( )).\ RVQVPVST UU=  If Q is a triangle, then we apply 
Lemma 4. If Q is a quadrilateral, then we apply Lemma 6. Let Q be a 
pentagon. If R is a triangle, then, by Lemma 5, ( ) TRV U  has types 4a, 
4b, or 4c, and thus, it contains a type 3a subset, and the assertion follows 
from Lemma 7. If R is a quadrilateral, then ( ) TRV U  contains a subset 
identical to the set in Figures 9, 10, or 11, and we may apply Lemma 7. 

Let R be a pentagon. We note that T contains two points, say, 1t  and 
.2t  

 
Figure 12 

Let ,,,,, 54321 qqqqq  and 54321 ,,,, rrrrr  denote, respectively, the 
vertices of Q and R in counterclockwise cyclic order. If some iq  is beyond 
exactly one edge of R, then [ ]iqR,  is a hexagon. Thus, we may assume 
that every vertex of Q is beyond at least two edges of R. Observe that 
there is no point on the plane that is beyond all five edges of R. If some  

iq  is beyond all edges of R but one, say [ ],, 51 rr  then we obtain  
[ ] [ ] [ ].,,,,,,,, 124554321 rrqqrrrrrrr ii ∗∗  Hence, we may assume that 
every vertex of Q is beneath at least two edges of R. 
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For ,51 ≤≤ i  let iR  denote the set of points that are beyond the two 
edges of R that contain ir  and beneath the other three edges of R, and let 

( )1+iiR  denote the set of points that are beyond the edges of R that 

contain ir  or ,1+ir  and beneath the other two edges of R (cf. Figure 12). 
We call ( ) iiR 1−  and ( )1+iiR  consecutive regions. 

Assume that two distinct and nonconsecutive regions contain vertices 
of Q, say, 51Rqk ∈  and .23Rql ∈  Since every vertex of Q is beneath at 

least two edges of kqR,  and lq  are distinct points. If there is a vertex hq  
of Q in ,45434 RRR UU  then [ ] [ ] [ ,,,,,,,,, 215443 rrqqrrqqrrq kkhhl ∗∗  

].lq  Let ( ) ( ) .045434 /=RRRQV UUI  Then exactly one edge of Q 

intersects .45434 RRR UU  Let us denote this edge by [ ]., 1+mm qq  If 
,23Rqm ∈  then [ ] [ ] [ ].,,,,,,,, 143211241 ++ ∗∗ mmmm qrrrrrrqqrq  Let 

3Rqm ∈  and, by symmetry, .51 Rqm ∈+  If there are at least three 
vertices of Q in 3232 RRR UU  or in ,5151 RRR UU  then ( ) ( )RVQV U  

contains a hexagon. Hence, we may assume that a vertex gq  of Q is in 

.12R  Since every vertex of Q is beneath at least two edges of Q, the sum 

of the angles of R at 1r  and 2r  is greater than ,π  which implies that 
( )21, rrL  separates R and .gq  Thus, we have [ ] [ ,,,,, 432 rqqrrq mmg ∗  

] [ ].,,, 1511 gmm qrrqq ++ ∗  

Assume that two consecutive regions contain vertices of Q, say, ∈kq  

51R  and .12Rql ∈  If ( ) ( ) ,0453423 /≠RRRQV UUI  then we may apply 
the argument in the previous paragraph. Let ( ) ( )453423 RRRQV UUI  

.0/=  If at least four vertices of Q are beneath the edge [ ]43, rr  of R, then 

these vertices, together with 3r  and ,4r  are six points in convex position. 
Hence, we may assume that 43 RR U  contains at least two vertices of Q. 

Let us denote these vertices by eq  and .fq  If 3, Rqq fe ∈ , then [ ,, 21 rr  

]54 ,,, rrqq fe  is a hexagon. Thus, we may clearly assume that, say, ∈eq  

3R  and .4Rqf ∈  Then we have [ ] [ ] [ ,,,,,,,, 44332 rqqrrqqrrq ffeel ∗∗  

] [ ].,,,, 155 lkk qrrqqr ∗  
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Assume that ( )1+iiR  contains a vertex of Q for some i, say, .511 Rq ∈  

By the preceeding, no vertex of Q is in .45342312 RRRR UUU  An 
argument similar to that used in the previous paragraph yields the 
existence of a hexagon if ,, 32 RR  or 4R  contains no vertex of Q. Let 

,, 32 RqRq lk ∈∈  and .4Rqm ∈  Then [ ] [ ] ∗∗ lkkl qrrqqrrq ,,,,,, 3221  
[ ] [ ].,,,,,, 15443 qrrqqrrq mml ∗  

 
Figure 13 

We have now arrived at the case that each vertex of Q is beyond 
exactly two edges of R. Clearly, we may assume that ii Rq ∈  for each i. If 
( )21, ttL  intersects two consecutive edges of R, then S contains a hexagon. 

Hence, we may assume that, say, ( ) [ ] ,0,, 3221 /≠+ rrttL I  and 

( ) [ ] 0,, 1521 /≠− rrttL I  (cf. Figure 13). If both 1q  and 2q  are beyond 
exactly the edge [ ]21, rr  of [ ],,,, 2211 rttr  then we have a hexagon. If 
neither point is beyond exactly that edge, then [ ]2211 ,,, qrrq   
[ ]3222 ,,, rtrq∗ [ ] [ ].,,,,,, 11155123 qrtrrttr ∗∗  Thus, we may assume that 

1q  is beyond exactly the edge [ ]21, rr  and 2q  is not. If 5q  is beyond 
exactly the edge [ ]54 , rr  of [ ],,,,, 32154 rttrr  then [ ]432155 ,,,,, rrttrq  
is a hexagon. Hence, we may assume that 5q  is beyond exactly the edge 
[ ]51, rr  of [ ]511 ,, rtr  and, similarly, that 3q  is beyond exactly the edge 
[ ]32, rr  of [ ].,, 322 rtr  From this, we obtain that [ ]4433 ,,, qrrq  
[ ] [ ,,,, 55544 qqrrq ∗∗  ] [ ] [ ].,,,,,,,,, 332222211115 qrtrqqrrqqrr ∗∗    
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